POLYNOMIALS WITH MINIMAL VALUE SETS W. H. MILLS
Let 3ίΓ be a finite field of characteristic p that contains exactly q elements. Let F(x) be a polynomial over 3ίΓ of degree /, / > 0, and let r + 1 denote the number of distinct values F(τ) as τ ranges over JΓ*. Carlitz, Lewis, Mills, and Straus [1] pointed out that r ^ [(q -1)//], and raised the question of determining all polynomials for which r = [(q -1) //]. The cases r = 0 and r = 1 are special cases that do not fit into the general pattern. These are treated in [1] , and do not concern us here. Thus we arrive at the statement of our main problem: For what polynomials F(x) do we have
Carlitz, Lewis, Mills, and Straus [1] determined all polynomials with / < 2p + 2 for which (I) holds. In the present paper this result is extended-all polynomials with f ^LΛ/ q for which (I) holds are determined. These are polynomials of the form
where L is a polynomial that factors into distinct linear factors over 3ίΓ and that has the form L = β + Σ ΦiX pU f i and where v and k are integers such that v \ (p k -1) and q is a power of p k . Regardless of the size of / our present methods give a great deal of information about F(x). Furthermore many of the proofs of [1] can be shortened and simplified by using the results of § 1 of the present paper.
The results of [1] provide a complete answer for the case q = p. In the present paper the problem is completely solved for the case q = p\ 1. Preliminaries* Let 3ίΓ be a finite field with q elements and characteristic p. We use Greek letters for elements of 3Γ, and small Latin letters, other than x, for nonnegative integers. We use capital letters for polynomials in one variable over <5(Γ. The polynomials denoted by A, B, C, D, E and the integers denoted by α, b, c, d, e vary from proof to proof. The polynomials and integers denoted by other letters, except i and j, remain the same throughout the paper.
Let F = F(x) be a polynomial over j?Γ of degree /,/ > 0. Let 7 0 , 7i, , 7 r denote the distinct values assumed by F(τ) as τ ranges over J%~. It follows easily from the fact that a polynomial of degree / has at most / roots, that r + 1 ^ qjf. This is equivalent to r ^ [(q -1)//]. We intend to study the question raised in [1] of characterizing those polynomials for which r = [(q -1)//]. The cases r = 0 and r = 1 were fully treated in [1] . Hence we make the assumption that
Subtracting the constant 7 0 from F does not change the value of r. Thus it is sufficient to consider the case τ 0 = 0. In the first two sections of this paper, we assume that
Then 7* Φ 0 for i > 0. We now set
The polynomials i^ are relatively prime in pairs, and each of them has at least one root in J%7 Let π iu π i2 , , π ih be the distinct roots of F t that lie in ^T" and set
O^i^r.
3=1
Then li = degLi^l, Ogi^ r, and 1 (2) » -» = ΠL*.
Now set Fi = LiUi, O^i^ r, and
Then the I/;, the ί/^ and G are polynomials over ^ and (4) (^-a?)G = Π^i. Now (4) and (1) give us an upper bound on the degree of G, namely
i The relations (2), (3), (4), (5), (6), and (7) can all be found in [1] under the assumption that the leading coefficient of F is 1.
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Thus we have (5) άegG<f.
We already have F = F o by the assumption 7 0 = 0. We set L = L o , Z7 = Z7 0 , I = ϊ 0 , and w = u 0 . We now differentiate both sides of (2) and obtain
Hence G = -L'L*G (mod LG). Since F= LU and J7|G, it follows that F| LG and thus
where C= -ΓK-T^O.
By symmetry it follows that
for suitable nonzero elements ζ t of J^Γ We next derive another expression for G.
O^i^r . 
Thus G = ζ 2 F', which completes this proof.
Lemma 1 is false for r ^ 1-counter examples can be readily constructed. Proof. By symmetry it is sufficient to prove the lemma for the case j -0. Combining (6) with Lemma 1 we obtain
We set U = L w A y where L\A and w ^ 0. Then substitution in (10) gives us
This reduces to
Since L is the product of distinct linear factors, it follows that L and U are relatively prime. Since LJfA, this implies that ζ -θ -wθ = 0. Therefore ΘLA! = 0. It follows that A' = 0. 
Proof. Combining (3) and (6) 
where T, as well as S, is a polynomial over 2 The polynomial R(x). Set where /? y e ^ 0 ^ i ^ r, p r = 1. From (4) and (6) we obtain
= 0
These identities and (12) give us
Differentiating both sides of (15) and noting that L" =0 by (14), we get the congruence
Since L' Φ 0, we obtain
By Comparing degrees in (26) we obtain (30) and (31) we get
Now the leading term of R(x) is
Since %-χ = 0, it follows that We are now in a position to prove the most general theorem of this paper. We drop the assumption 7 0 = 0. 
Proof. Without loss of generality we can suppose that 7 0 = 0, so that our previous discussion applies. Let d be the integer such
It follows from Lemma 6 that U is a p a t\i power. We now apply Lemma 4 to conclude that either 1 + vr is a power of p k or p a | (1 + w). In either case we must have p a -1 + w. Since k is the smallest positive integer such that v\(p k -1), it follows that k \ d. We put m = d\k. Then 1/ is a p mk th power and 1 + vr = p m \ Applying Lemma 4 again we find that R(x) is of the form m so that (33) holds. Moreover iϊ is a p^st power by Lemma 4, and therefore H p is a p wfe th power. Thus there is a polynomial N over *3Γ such that
Furthermore since L | H, it follows that L \ N. Using (16) we obtain o) 0 = p Q = -ζ φ 0. It follows at once from (33) that ω m = 1. Finally we substitute in (15) to obtain (34). This completes the proof of the theorem.
In the next two sections we apply Theorem 1 to a number of special cases.
3 A special case* There are two general types of polynomials known for which (1) holds [1, §5] 
3=0
where L factors into distinct linear factors over <5Γ and v \ (p k -1) .
Proof. Since N is a constant it follows from Theorem 1 that F = alf + 7, where a e SΓ and 7 = 7 0 e _%T Suppose that L is not of the form given in (35). Then, since U is a constant, we can write Hence U is also a constant, and the proof of this lemma is complete. We note that in this case U and AT must both be constants, so that we could have obtained this result from Lemma 7. Let us now consider the case q = p 2 . Comparing the degrees of the two sides of (34) 
